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Abstract—This paper presents a dynamic model for mechanical
loads of an electric drive, including angular misalignment and
including load unbalance. The misalignment model represents the
effects of the universal joint between the motor and the mechanical
load. Simulation results are presented for an induction motor driving
a mechanical load with angular misalignment for both flexible and
rigid coupling. The models presented are very useful in the study of
mechanical fault detection in induction motors, using mechanical and
electrical signals already available in a drive system, such as speed,
torque and stator currents.

signals spectrum, and [1] shows that load unbalance
introduces terms at rotational frequency.
II. THE UNIVERSAL JOINT MODEL
The diagram of an universal joint is presented in Fig. 1. The
drive shaft forms an angle β with the load shaft. This shaft
rotates at a speed ω1 and its angular position is θ. The load
shaft rotates at speed ω2 and its angular position is Ф.

Keywords—Angular misalignment, fault modeling, unbalance,
universal joint.

I. INTRODUCTION

M

ECHANICAL failures are the leading causes of
downtime in industrial electric drive systems. The
unbalance and the misalignment are the most frequent causes
of these problems [1]-[3]. In this context, the detection of
these faults at an early stage in induction motors are of
paramount importance due to its wide use in industrial plants
[4].
The aim of this paper is to present a simple and effective
model of two faults: angular misalignment between motor and
mechanical load and load imbalance.
The model for angular misalignment is based on the
universal joint effect. Both models describe only the tangential
forces without attempting to describe the radial force
components, which are responsible for the mechanical
vibration.
The modeling of mechanical faults is complex for diverse
aspects, as the complex machine geometry and the difficulty
to isolate a specific fault problem from the others [5].
In [6] a rotor-bearing system is modeled to include the
coupling misalignment forces and moments, in a high order
finite element of eight degrees of freedom per node. In [1], Xu
and Marangoni generalized the equations of motion for a
complete motor - flexible coupling - rotor system using the
component mode synthesis method. The universal joint effect
is included in the model to take the misalignment into account.
In both cases, it is shown that the angular misalignment
introduces terms at twice the rotational frequency in the

Fig. 1 Universal joint diagram

The angular displacements of motor and load shafts are
related by (1).
tg(θ) =
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(1)

The relationship between the two shafts speeds can be
derived from (1) and is given by (2).

ω1
ω2

=

1-sin2 (β)sin2(θ)
cos(β)

= g(θ)

(2)

This equation can be rewritten as (3).
ω1

ω2

=

1 + cos2(β)
2cos(β)

+

1 – cos2(β)
2cos(β)

cos(2θ) = K1 + K2cos(2θ) (3)

Since the mechanical power is the same in both sides (T1ω1
= T2ω2) the torques relationship is given by (4).
T1
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tg(Ф)
cos(β)

T2

=

1
g(θ)

(4)

It is observed from the above equations that, although the
two shafts rotate at the same average speed, their
instantaneous velocities are different. Equation (3) shows the
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presence of a term at twice the frequency of motor rotation.
The amplitude of this term, K2, increases with increasing
misalignment angle.
For low values of angular misalignment g(θ) ≈ 1, the
torques ratio, 1/g(θ) can be approximated by a Taylor series
expansion around g(θ) = 1, which gives:
1
g(θ)

≈ 2 – g(θ) =

4cos(β) – cos2(β) – 1
2cos(θ)

–

1-cos2(β)
2cos(β)

cos(2θ)

Fig. 3 Flexible coupling – equivalent mechanical circuit

The differential system equations are given by (7) to (10).

(5)

From (5), it can be noted that the torques ratio consists of a
constant term and an oscillating term at twice the frequency of
rotation just like the speed ratio. The amplitude of this term is
the same of the speed ratio.

T = JM

dt

+ BMω1 + T1

ω1 =
T2 = KA(Ф-θ) = JL

III. MECHANICAL LOAD DYNAMIC MODEL INCLUDING
ANGULAR MISALIGNMENT
Open Science Index, Mechanical and Mechatronics Engineering Vol:7, No:7, 2013 waset.org/Publication/16567

dω1

With the model of universal joint established, the dynamic
model of load and coupling including angular misalignment
can be deduced. In the present study, both rigid and flexible
coupling are considered. The mechanical equivalent circuit for
rigid coupling is shown in Fig. 2.

Fig. 2 Rigid coupling – equivalent mechanical circuit

dθ

(8)

dt
dωL

ωL =

(7)

dt

+ BLωL + TL

dθL

(9)
(10)

dt

IV. THE UNBALANCE MODEL
The imbalance can occur in several ways [7]. In this
modeling, it was considerate that the static unbalance is
located in a plane perpendicular to the axis of rotation. The
static unbalance is defined as the condition in which the mass
axis is parallel displaced of rotation axis. It is called static
because, even with the power off, the extra weight causes the
rotor to rotate to position the point of greatest weight down,
allowing easily detect the existence of such imbalance.
The unbalance is caused by a mass "m" punctiform located
at a distance "r" from the axis, as shown in Fig. 4.

where JM and BM are the inertia and the dynamic friction
coefficient of the motor, and JL and BL are the inertia
coefficient and the dynamic friction coefficient of the load,
respectively. T and TL are respectively the motor and the load
torques. The universal joint effect is included in the circuit as
a non-linear gear train with transfer ratio g(θ).
Considering the differential equations of the mechanical
circuit of Fig. 2 and the universal joint equations, the
mechanical load equation including angular misalignment is:
T = (JM g(θ) +

JL dωL
BL
TL
)
+ (BM g(θ) +
) ωL +
- 2K2JM sin(2θ)ω1ωL
g(θ) dt
g(θ)
g(θ)

Fig. 4 Model for static unbalance

(6)
The resulting differential equation is time variant. The load
torque reflected on the motor shaft includes oscillations at
twice the frequency of rotation, as predicted by the universal
joint model. The last term in (6) also oscillates at twice the
rotation frequency and its amplitude varies with the
multiplication of velocities.
For flexible coupling, the equivalent mechanical circuit is
given by Fig. 3, where KA is the flexible coupling elasticity
constant, which can be obtained from the manufacturer's
datasheets.
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The tangential component of the weight is given by:
  



(11)

The torque due to this tangential force is given by:
   





(12)

This result is in accordance with [8] which states that the
unbalanced torque introduces a term in the load oscillating at a
frequency of rotation.
We now include this model in dynamic equations of the
motor and associated load, as (13) and (14). In the
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expressions, T is the electromagnetic torque, TL, the torque
load, JM and JL are the coefficients of inertia of the motor and
load, respectively, and Jm is the coefficient of inertia m,
responsible for the imbalance (J  mr  . The coefficients of
viscous friction of the motor and load are, respectively, BM
and BL.


               

 
(13)



!


(14)
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V. RESULTS

Fig. 6 Speed: zoom at steady state

A Matlab script was developed for the simulation of an
induction motor driving a constant torque load, including a
coupling with angular misalignment. The induction motor
parameters are included at the appendix.
The results for rigid coupling with an angular misalignment
of one degree (β = 1o) are shown in Figs. 4 to 11.

Fig. 7 Eletromagnetic torque: zoom at steady state

Fig. 4 Speed

Fig. 8 Speed frequency spectrum with zoom in the fault frequency

Fig. 5 Torque

Fig. 9 Torque frequency spectrum with zoom in the fault frequency
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Fig. 10 Current frequency spectrum with zoom in the fault frequency
plus supply frequency

Fig. 12 Speed

Fig. 13 Torque
Fig. 11 Current frequency spectrum with zoom in the fault frequency
minus supply frequency

It is important to observe that there are fluctuations in
electromagnetic torque and speed at steady state. Figs. 8 to 11
shows the frequency spectrum of torque, speed and current
signals. The frequency of those oscillations into torque and
speed signals are 49.4 Hz, as expected for a 4 poles machine,
feed directly by 50Hz means. In the current signal of
misalignment, the frequency components appear in fs±ff,
where fs is the supply frequency and ff is the frequency of
fault. In angular misalignment, the frequency of fault
corresponds to two times the rotational frequency. These
results correspond to the expected values, described on the
references [9]-[11].
The amplitude of torque oscillations is 0,011Nm which
corresponds to 440 ppm of the nominal torque and the
amplitude of speed oscillations is 0,0125 rad/s, or 80 ppm of
the average speed at steady state.
For a flexible coupling with an elasticity coefficient KA =
1289.155 and angular misalignment of one degree (β=1o), the
results are shown in Figs. 12 to 19.

Fig. 14 Speed: zoom at steady state

Fig. 15 Torque: zoom at steady state
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TABLE I
OSCILLATIONS VALUES FOR ANGULAR MISALIGNMENT
Rigid Coupling
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Fig. 16 Speed frequency spectrum with zoom in the fault frequency

β=1o

β=3o

β=1o

β=3o

Torque
(Nm)

0,01

0,1

18x10-4

0,013

Speed
(rad/s)

12,5x10-3

0,105

0,002

0,015

It is observed in these figures, fluctuations in torque and
speed during the starting transient, greater than with rigid
coupling. It can be concluded that the insertion of an elastic
constant in the coupling model makes the dynamic response of
the system slower and more oscillatory. The amplitude of
torque oscillations at steady state is 0,0018Nm which
corresponds to 72 ppm of the nominal torque and the
amplitude of speed oscillations is 0,002 rad/s, or 13 ppm of the
average speed at steady state.
Simulations were also carried out with angular
misalignment of 3 degrees and a summary of all results
appears in Table I.
In Figs. 21 to 27 are shown the simulation results for a load
imbalance caused by a mass of 10g to 28cm from the rotation
axis, which corresponds to an imbalance of 28x10-4 kg.m.

Fig. 17 Torque frequency spectrum with zoom in the fault frequency

Fig. 21 Speed
Fig. 18 Current frequency spectrum with zoom in the fault frequency
plus supply frequency

Fig. 22 Torque
Fig. 19 Current frequency spectrum with zoom in the fault frequency
minus supply frequency
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Fig. 23 Speed: zoom at steady state

Fig. 27 Current frequency spectrum with zoom in the fault frequency
around supply frequency
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VI. CONCLUSION
It can be observed that the oscillations of torque and speed
in steady state with rigid coupling are greater than with
flexible coupling. Nevertheless, the oscillations with flexible
couplings are higher in the transient response. It is also
observed that the steady state oscillations increase
substantially (almost 10 times) with the increasing of only two
degrees in the misalignment angle for both rigid and flexible
coupling.
TABLE II
MOTOR PARAMETERS

Fig. 24 Torque: zoom at steady state

Fig. 25 Speed frequency spectrum with zoom in the fault frequency

Parameter

Value

Stator resistance

0,95 Ω

Rotor resistance

0,36 Ω

Magnetic inductance

0,122 H

Stator leakage inductance

0,0047 H

Rotor leakage inductance

0,0047 H

Inertia

0,2225 kg.m2

Number of poles

4

Nominal Power

5,5 kW

Nominal Frequency

50 Hz

Nominal Voltage

380 V

These results demonstrate the ability of the model to
represent the dynamic model of the load including the angular
misalignment. The model can represent rigid or flexible
couplings. It can be used to study mechanical faults in
induction motors by analyzing electrical and mechanical
variables, such as, current and speed. The model shows the
ability to induce the expected results in the frequency
spectrum even in the electrical variable, what is very useful in
fault detection.
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Fig. 26 Torque frequency spectrum with zoom in the fault frequency
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